This paper revisits a classical problem to derive a marginal condition for the onset of spontaneous thermoacoustic oscillations of a gas in a circular tube with one end open and the other closed by a flat wall, subjected to a temperature gradient along the side wall. Formulation is given in the framework of the linear theory and the first-order theory in the ratio of a boundary-layer thickness to the tube radius. An eigenvalue problem is posed on the second-order differential equation with variable coefficients of the axial coordinate for the excess pressure in the main-flow region outside of the boundary layer. A boundary layer on the end wall is taken into account in the form of an appropriate boundary condition. By using the idea of renormalization, the pressure is rescaled and a complex axial coordinate is introduced so that the pressure equation is transformed into a tractable form. It turns out that the equation includes a factor ͑frequency͒ determined by the product of the local sound speed and the logarithmic temperature gradient, though the boundary-layer effect is not completely eliminated. When this factor is constant everywhere, the temperature distribution is parabolic and solutions are obtained in a closed form. The frequency equation is then derived from the boundary conditions at both ends of the tube, from which the marginal condition is obtained for the ratio of temperature at the hot, closed end to the one at the cold, open end against the tube radius relative to the thickness of the boundary layer at the open end. The spatial modes of the oscillations are also analytically obtained and their profiles are displayed. Finally, some discussions on marginal oscillations are given from the viewpoint of energy balance.
I. INTRODUCTION
Spontaneous oscillations of a gas in a tube occur when the tube wall is subjected to a temperature gradient and its magnitude exceeds a certain critical value. The phenomena have been long known to occur in a flask called a Sondhauss tube, 1, 2 and were also discovered by Taconis et al. 3 in a helium-filled quarter-wavelength tube ͑see Fig. 1͒ , when its open end is cooled down near to 4 K. But they have recently rekindled much interest from the viewpoint of applications to novel heat engines. [4] [5] [6] [7] [8] Thermoacoustic oscillations are brought about by an active action of a thermoviscous layer on the tube wall in the presence of the temperature gradient together with an action of weak nonlinearity. [9] [10] [11] Since no flow is present in equilibrium, mechanisms in destabilization differ from the wellknown hydrodynamic ones for base laminar flows in which the instability is brought about by viscosity in the form of the second-order spatial derivative. They also differ from those in Bénard convection due to buoyancy in the absence of base flow where the gravity is of essential importance. Thus thermoacoustic oscillations present a different class of stability problems in fluid dynamics from those mentioned above and others that are well documented ͑for example, see Ref. 12͒ .
The theoretical framework of linear stability has already been established by Rott [13] [14] [15] [16] and extended by Wheatley 4 and Swift. 5 The problem requires us to solve an eigenvalue problem for the second-order differential equation derived from a wave equation with variable coefficients. For smooth temperature distributions, this is a formidable task and no analytical solutions have ever been available. So it may be a first attempt, as Rott did, [13] [14] [15] [16] to introduce the drastic assumption of a step distribution as shown by ͑a͒ in Fig. 1 . To understand complicated thermoacoustic phenomena, it is still desirable to have analytical solutions. So the present paper revisits the classical problem of thermoacoustic oscillations in a quarterwavelength tube and attempts to develop a simpler theory than that of Rott to derive a marginal condition for a smooth distribution in the framework of the first-order theory of the boundary layer.
The analysis for a marginal condition for the onset of oscillations was initiated by Kramers, 17 but he failed to explain the phenomena. Rott considered the origin of his failure in detail and managed to succeed in deriving the marginal condition. His theory is mathematically very complicated and is based on two crucial assumptions.
The procedure introduces very delicate and difficult problems. In spite of the presence of viscosity and heat conduction, the discontinuity must always be maintained. Then the gas is separated by this singular surface into uniformly cold and hot parts not only axially but also over the respective cross sections. Therefore, the heat flux across or in the singular surface is hard to understand. Further, since no temperature gradient exists in the cold and hot parts, the thermo-viscous layer plays a passive role only to dissipate energy of oscillations and to stabilize them. Thus the active action is brought about by the singular surface only. At the surface, matching conditions are needed but they are not derived physically. Rott circumvented this problem by requiring his equation to hold mathematically across the surface to derive the less physical matching condition for the velocity on both sides of the step, though the pressure is required to be continuous across it.
Assuming the thermoviscous layer to be thin, i.e., the boundary layer, the first-order theory of a straightforward, asymptotic expansion with respect to its thickness led Rott to abandon the assumption and to take a full account of it. To do so, he assumed the pressure is uniform over the whole cross section as well as the temperature. This assumption plays a key role in seeking analytical solutions, as does later work by Wheatley 4 and Swift. 5 Although this is well known in the boundary-layer theory, it is valid provided a typical axial length of oscillations is much longer than a tube radius. 18 On the basis of these assumptions, Rott derived the marginal curves for the temperature ratio against the tube radius relative to the thickness of the boundary layer at the cold end. Later, Yazaki, Tominaga, and Narahara 19 checked this condition experimentally and reported good agreement. But it should be remarked again that the assumption of uniform pressure tends to break down as the thermoviscous layer fills the cross section of the tube so that the sound speed becomes slower.
For a smooth distribution, the active action of the thermoviscous layer speads over a finite region axially so that the marginal condition is expected to be available even in the first-order theory of the boundary layer. To this end, an idea of renormalization ͑see, e.g., Ref. 20͒ is used instead of the straightforward asymptotic expansion with respect to the thickness. Then an analysis for a smooth distribution is made possible by finding that the pressure equation can be transformed into a tractable form by rescaling the pressure and introducing a complex axial coordinate. The transformed equation includes a kind of frequency determined by the product of the local sound speed and the logarithmic temperature gradient.
When this frequency is taken to be constant everywhere, the temperature increases parabolically from the open end toward the closed end as shown by part ͑b͒ in Fig. 1 . The parabolic distribution may be regarded as a plausible one that would occur when heat transfer from the outer surface of the tube is present. For such a smooth distribution, the pressure equation transformed is readily solved and the boundary conditions are to be imposed at both ends only. The matching conditions in Rott's theory are no longer necessary. A frequency equation is derived from the boundary conditions simply as a nontrivial condition. The marginal curve of instability is sought as the condition for the frequency equation to have real solutions.
In what follows, a formulation of the problem is made in Sec. II within the linear theory and the first-order theory of the boundary-layer thickness. A wave equation for the excess pressure in an acoustic main-flow region outside of the boundary layer is presented. The boundary layer on the end wall is examined to derive an appropriate boundary condition for the wave equation. After transformation of the equation in Sec. III, analytical solutions are obtained for the parabolic temperature distribution. Then a frequency equation is derived, from which the marginal condition is sought numerically in Sec. IV. The spatial profiles of the physical variables are shown in Sec. V. Finally, some discussions are given in Sec. VI on the energy balance for marginal oscillations.
II. FORMULATION OF THE PROBLEM

A. Pressure equation
Consider a gas-filled tube of radius R and of length L, one end open and the other closed by a flat end wall, as shown in Fig. 1 . A side wall and an end wall are smooth and rigid. Let a temperature of the side wall vary along the tube, which is kept constant temporarily, and let a temperature of the end wall be uniform over it and equal to the one of the side wall at the corner. The axial coordinate of the tube is designated by x with the open end at x = 0 and the closed end at x = L, while the coordinates in the cross section are taken perpendicularly with each other and designated by y and z, the time being denoted by t. The following formulation is based on the linearized version of the theory developed previously in Ref. 21 , so the description is kept to a minimum. The interested reader is referred to that paper for details.
For thermoacoustic oscillations, the acoustic Reynolds number defined by a 0 2 / , a 0 , , and being, respectively, typical values of a sound speed, a kinematic viscosity, and an angular frequency of oscillations, is usually so high that dissipative effects due to viscosity and heat conduction are confined only in a thin boundary layer. Then a flow field in the tube may be divided into the boundary layer and the domain outside of it. The latter is called a region of an acoustic main flow or simply a main flow, though no flow exists in equilibrium. The main flow may be regarded as being almost planar and the dissipative effects are negligible. Thus all variables in the main flow are averaged over its cross section and regarded as functions of x and t only, unless otherwise specified.
Let the mean values of density, pressure, temperature, entropy, and the axial velocity of gas in the main flow be denoted by , p, T, S, and u, respectively. The equilibrium In order that the temperature distribution over the cross section of the tube may be regarded as being uniform, the gradient dT e /dx is assumed to be so gentle that the following relations may hold:
ͯӶ1.
͑3͒
The present theory takes account of the temperature gradient up to the first-order derivative and ignores the second-and higher-order derivatives as well as the quadratic and higherorder products in T e and dT e /dx. In this case, T e may be regarded as being equal to the temperature of the side wall ͓see Eq. ͑2.10͒ in Ref. 21͔ . Denoting disturbances to the equilibrium state by attaching the prime, e.g., − e = Ј, the linearized equations of continuity, axial motion, and energy are given, respectively, as
where A͑x , t͒ is the cross-sectional area of the main-flow region, ds being the line element along its periphery, and v b denotes the velocity at the edge of the boundary layer directed inward normal to the boundary of the cross section of the main-flow region ͑see Fig. 2͒ , and is related to uЈ through 
͑12͒
Here a remark on the area A and the perimeter s along the integral path in ͑4͒ seems to be necessary. Letting a local thickness of the boundary layer be ⌬ e ͑ӶR͒, A and s may be given, respectively, by ͑R − ⌬ e ͒ 2 and 2͑R − ⌬ e ͒. But since the magnitude of v b is assumed much smaller than that of uЈ, and only the first-order term in v b is concerned, A and s may be approximated to be R 2 ͑ϵA 0 ͒ and 2R, respectively. The wave equation ͑12͒ determines the behavior of the gas in the acoustic main-flow region with the boundary layer on the side wall subjected to the temperature gradient. Equation ͑12͒ is called the pressure equation, on which stability FIG. 2 . A boundary layer on the end wall where u b and v b represent, respectively, the velocity at the edge of the boundary layer on the end wall and the one on the side wall, both directed into the acoustic main-flow region.
074101-3
Marginal condition for the onset of thermoacoustic Phys. Fluids 19, 074101 ͑2007͒
analysis will be based. Again note that the quantities with subscript e depend on x. The subscripts 0 and L in place of e will imply values of the quantities at x = 0 and L, respectively.
B. Treatments of a boundary layer on the end wall
The boundary layer develops not only on the side wall but also on the end wall, as shown in Fig. 2 . Because the temperature of gas near the end wall does not coincide with the value of the end wall, the thermal boundary layer must appear to fill the gap, whereas the viscous one for the velocity will not appear pronouncedly.
Let the density, pressure, temperature, entropy, and axial velocity in the boundary layer on the end wall be represented by a sum of respective equilibrium values and disturbances from them as e + , p 0 + p, T e + T , S e + S, and ũ, where the tilde denotes the disturbances that are supposed to depend not only on x and t but also on the coordinates y and z. With the dissipative effects fully taken into account, the equations of continuity, motion in the axial direction, and of energy are linearized around the equilibrium values. Averaging them over the whole cross section of the tube with area
where the variables with tilde now depend on x and t only, having been averaged over the cross section as
͑16͒
and the nonslip boundary conditions at the side wall have been used. The quantities n and Q n denote, respectively, the shear stress acting on the gas at the side wall and the heat flux into the gas from it, which are given by the integrals along the periphery of the cross section of the tube as
where ũ and T imply the variables before being averaged, and ‫ץ‬ / ‫ץ‬n denotes the directional derivative normal to the side wall and directed into the gas. Note that the contour of the integrals for n and Q n is taken along the periphery of the cross section of the tube, not along that of the acoustic mainflow region. The boundary-layer coordinate n͑=L − x͒ is now taken toward the negative direction of x. The variables with a tilde are now regarded as functions of n in place of x and vary rapidly with respect to n. The boundary conditions at the end are given by ũ = 0 and T = 0 at n = 0, ͑18͒
while the matching conditions with the acoustic main flow are given by
and
and so forth. The matching conditions require that the asymptotic behavior of the boundary-layer solutions as n → ϱ overlaps with the asymptotic one of the acoustic main flow as x → L at the edge of the boundary layer. Although the limit as n → ϱ is taken, the edge of the boundary layer corresponds to the region ͑ / e ͒ 1/2 n ӷ 1 but 0 Ͻ n Ӷ R. The boundary-layer solutions are obtained in a similar way to that used in the case of those on the side wall, and ultimately the velocity at the edge of the boundary layer is desired. Details are given in Appendix A, which is available by accessing the EPAPS system. 24 Consistent with the definition of v b , the velocity is chosen to be directed into the region of the acoustic main flow ͑see Fig. 2͒ . Denoting this by u b ͑=−ũ as n → ϱ͒, we have
with a L 2 = ␥p 0 / L . This relation is rewritten in terms of pЈ, which serves as the boundary condition for ͑12͒ at x = L. Identifying −u b to be u at x = L and using ͑5͒ and ͑11͒, it follows that
where the derivative of three-half order is defined by differentiating that of half order once with respect to t, and the contribution from v b becomes higher order.
III. FREQUENCY EQUATION
A. Transformation of the pressure equation
We now examine the stability of gas in equilibrium based on the wave equation ͑12͒ by imposing the boundary conditions pЈ =0 at x = 0 and ͑22͒ at x = L. The former condition ignores radiation from the open end for simplicity, but it will hold approximately if end corrections are taken. It will also hold for the antisymmetric mode of oscillations with respect to x = 0 in a tube with both ends closed, as devised by Yazaki et al. 19 Assuming pЈ =Re͕P͑x͒exp͑it͖͒ in ͑12͒, P͑x͒ being a complex amplitude and an angular frequency, it follows that
dT e dx dP dx First introducing a new variable F in place of P through
the tractable equation is now chosen as follows:
where K and M are constants while X and Y are functions of x, all of which are to be determined so that ͑27͒ may agree with ͑23͒ up to the first-order terms of ␦ e . Substituting ͑26͒ into ͑27͒ and dividing it with Z to compare with ͑23͒, we have X 2 = ͑1−2C␦ e ͒a e 2 from the coefficient of d 2 P /dx 2 . So X is chosen to be
From the coefficient of dP /dx ͑see Appendix B in EPAPS 24 ͒, we have
The constant K corresponds to Kramers' constant, named by Rott, 13 in the case with no dependence of the shear viscosity on temperature, i.e., ␤ = 0 in his notation. From the coefficient of P, finally, Y is obtained as to the first order of ␦ e .
B. Parabolic distribution of temperature and renormalized solutions
Having transformed ͑23͒ into ͑27͒, there appears a factor ⍀ e defined by
ͪ.
͑32͒
Because the logarithmic temperature gradient gives an inverse length, ⍀ e specifies a kind of frequency giving how fast the sound travels a distance over which the temperature gradient is effective. If ⍀ e is constant,
being a constant, then ͑27͒ is solvable analytically by introducing a following complex axial coordinate through
Because a e / a 0 = ͱ T e / T 0 , ͑33͒ stipulates that T e varies along the tube in the form of a parabola as
Here is assumed to be positive. If is negative and the hot and cold ends are reversed, then no oscillations would occur because the boundary layer cannot do any mean work on the gas outside of it.
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Setting 1 + x / L = and using a e / a 0 = and ␦ e / ␦ 0
For the parabolic distribution, the thickness of the boundary layer ͱ e / varies linearly along the tube. While the open end is taken at = 0, the closed end corresponds to the complex axial coordinate L given by
The first term on the right-hand side represents the nondissipative effect due to the temperature gradient, which shrinks the tube length to L log͑1+͒ / in the coordinate. The second term is due to the boundary layer. For ͑35͒, Eq. ͑27͒ is written in terms of , to the first order of ␦ e , as
in 0 Ͻ Ͻ L , where denotes a dimensionless angular frequency L / a 0 . Since ␦ e = ␦ 0 = b / C, may be set equal to e /L within the present approximation by using
On the other hand, using a e / a 0 = ␦ e / ␦ 0 =1+ at x = L, ͑31͒ is expressed, upon multiplying it with X / a 0 , as
Since the term with ␦ e in ͑39͒ is regarded as the correction, its solution may be sought as a successive approximation in the form of
The lowest solution F ͑0͒ is readily available as
where B ± are constants and the wavenumbers k ± are given by
in 0 Ͻ Ͻ L . This equation is solvable to yield F ͑1͒ in the following form:
where no homogeneous solutions are included because they may be incorporated into F ͑0͒ . Here remark that ͑41͒ is not a straightforward asymptotic expansion in b since involves b.
Substituting ͑41͒ with ͑42͒ and ͑45͒ into the boundary conditions F =0 at = 0 and ͑40͒, the nontrivial condition for B ± yields the following relation:
to the first order in b ͑see Appendix C in EPAPS 24 ͒. This is the renormalized frequency equation for . The first term on the right-hand side is due the lossless effect of the temperature gradient, while the second and third represent the effects of the boundary layers on the side wall and the end wall, respectively. The boundary-layer effect also appears on the left-hand side through L . If the boundary layer is ignored ͑b =0͒, then it gives a frequency equation for neutral oscillations in the presence of the temperature gradient as
Further, if the temperature gradient is ignored ͑ =0͒, then ͑48͒ reduces to the well-known frequency equation cot͑L / a 0 ͒ = 0 for a quarter-wavelength tube.
IV. STABILITY ANALYSIS
For a given value of , ͑46͒ with ͑47͒ gives a complex solution to generally. If its imaginary part is positive, then the oscillations are stable; if it is negative, they are unstable. The marginal condition is the one for the imaginary part just to vanish.
A. Lossless limit as b \ 0
Substituting ͑43͒ into ͑46͒ and solving for L / L to equate this with ͑38͒, it follows that
͑49͒
At first, we restrict ourselves to a lossless limit as b → 0, which may correspond to a tube of infinite radius. This case is different from the lossless case with b = 0 in which no boundary layers are taken into account from the outset. Expanding the right-hand side of ͑49͒ with respect to b, it follows that
where the logarithmic function takes the principal part, n being a non-negative integer.
The first term on the right-hand side of ͑50͒ is always real whether is real or purely imaginary. The imaginary part arises from the terms involving b. Since b is proportional to 1 − i, the imaginary part of b is equal to the real part with the sign reversed. When the imaginary part is required to vanish, the real part due to b also vanishes. Thus the conditions for the real and imaginary parts of ͑50͒ to vanish are equivalent to those for the terms of b 0 and b in the expansion to vanish, respectively. In this context, we remark that these conditions would be obtained by assuming a straightforward asymptotic expansion for P in the form of P = P ͑0͒ ͑x͒ + bP ͑1͒ ͑x͒ + O͑b 2 ͒ to solve ͑23͒ with the boundary conditions. In fact, the real part of the conditions results from imposing the boundary conditions on P ͑0͒ , while the imaginary part results from a compatibility ͑or solvability͒ condition for P ͑1͒ to satisfy the boundary conditions.
When is real, it follows from the terms of b 0 in ͑50͒ that
and from those of b that 2 /4 + 2 = 2 = c ͑52͒
When is purely imaginary, the real and imaginary parts of ͑50͒ yield, respectively, on setting = i ͱ 2 /4− 2 ϵ i with Ͼ 0,
The two sets of equations ͑51͒-͑55͒ determine the values of and . The relations ͑51͒ and ͑54͒ are the same as ͑48͒ for neutral oscillations in the lossless case ͑b =0͒ where the natural frequency exists always for any value of . Taking the limit as → 0+ in ͑51͒, cot tends to vanish so that tends to /2+n, which are the natural frequencies in a quarterwavelength tube without the temperature gradient. Equation ͑51͒ is valid for less than e 2 − 1, where vanishes, beyond which ͑54͒ takes over it.
In Fig. 3 , the solid curve shows the natural angular frequency against the temperature ratio T L / T 0 ͓=͑1+͒ 2 ͔ for the lowest mode with n = 0. It is to be noted that the frequency is independent of the material constants C and C T . As the temperature ratio increases, the natural angular frequency also increases slowly. For a large value of , the solution to ͑54͒ asymptotes to 2 = + 2 log − 3 + o͑1͒. ͑56͒
This asymptotic solution is drawn by the dotted curve in Fig.  3 for ജ15.
When the effects of the boundary layers, however small, are taken into account, ͑53͒ and ͑55͒ from the imaginary part come in to single out and among the ones on the curve for neutral oscillations. This pair gives the condition for the marginally stable oscillations in the lossless limit as b → 0.
The imaginary part is simply given by = ͱ c, and therefore is dependent on C T / C and R / L through c. Since the temperature dependence of the viscosity and thermal conductivity is ignored, the values of ␥ and Pr are taken to be the ones at 300 K and 0.1 MPa as follows: for air, ␥ = 1.40, Pr= 0.717, C = 1.47, and C T = 1.14, while for helium, ␥ = 1.67, Pr = 0.678, C = 1.81, and C T = 1.17. The broken curves in Fig. 3 show the relation of the imaginary part for air and helium in a tube with R / L = 0.005, and the dots designate the respective intersections between the real and imaginary parts. For air, the intersection sought numerically is at ͑1+͒ 2 = 65.8 and = 3.32, while for helium at ͑1+͒ 2 = 293 and = 4.56. The asymptotic expression ͑56͒ suggests that as the value of c approaches unity, the intersection tends to occur at a larger value of , and eventually two curves might no longer intersect with each other. This may happen for helium because the value of 2C T / C is close to unity, as Rott 13 pointed out that the Kramers constant takes a very small value, if the temperature dependence of the viscosity is taken into account. If no intersections could be found, we will have to proceed to a higher-order theory in b beyond the present one.
B. Marginal condition for a finite value of b
The solutions in the lossless limit b → 0 correspond physically to those in a tube whose radius is much larger than ͱ 0 L / a 0 . Using these solutions, we now solve ͑46͒ with 
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Separating ͑49͒ into real and imaginary parts for each case where is real or purely imaginary ͑see Appendix D in EPAPS 24 ͒, two sets of equations for and are solved numerically by Newton's method with a small but finite value of 0 given. The computations start from the solutions of and obtained in the lossless limit as initial data. Taking a value of 0 to be a small but finite value, solutions to and are sought in the vicinity of the initial data. Then using these solutions as new initial data, solutions are sought for a value of 0 increased slightly. Repeating this procedure, the combinations of and are obtainable for given small values of 0 . Figures 4͑a͒ and 4͑b͒ show the solution of against the temperature ratio T L / T 0 ͓=͑1+͒ 2 ͔ for the marginally unstable oscillations of air and helium, respectively. For reference, the broken and dotted curves represent, respectively, the frequency of the neutral oscillations and the curve = / 2 on which vanishes. The large dot designates the values in the lossless limit. As the value of 0 is increased, both and decrease along the solid curve but tend to deviate from the broken curve. Then there appears the minimum of the temperature ratio. For air, it occurs at T L / T 0 = 7.84͑1͒ and = 1.98 for 0 = 0.467, and for helium, at T L / T 0 = 8.19͑1͒ and = 1.89 for 0 = 0.538. Just before the minimum is attained, the value of n in Eq. ͑D1͒ ͑see Appendix D in EPAPS 24 ͒, which has been chosen to be zero initially, is switched to unity at T L / T 0 Ϸ 7.84͑9͒ for air and 8.19͑2͒ for helium. The switching does not appear to coincide with the minimum. Beyond the minimum, the curve is bent sharply and a new branch emerges. This left branch appears to extend infinitely and to approach asymptotically the curve = /2 as and 0 increase. Along this branch, the value of n is switched to a larger value successively. In Fig.  4͑b͒ , for example, the switch from n = 1 to 2 occurs at T L / T 0 = 312 and the left branch is sought numerically up to T L / T 0 = 500 with n = 2 and 0 Ϸ 1.5.
In Fig. 4 , the information of 0 is not available, nor is the ͑T L / T 0 , ͒ plane divided by the curve into two domains where the imaginary part of is positive or negative. Redrawing Fig. 4 , the relation between the temperature ratio T L / T 0 ͓=͑1+͒ 2 ͔ and the tube radius
1/2 ͔ normalized with respect to the thickness of the boundary layer at the open end is depicted in Fig. 5 by the solid curves.
While the left branch of the curve appears to extend almost vertically to infinity, the right branch extends right- 
FIG. 5. Marginal curve for the temperature ratio T L / T 0 ͓=͑1+͒
2 ͔ and the tube radius relative to the thickness of the boundary layer at the open end ward, as R / ͑ 0 / ͒ 1/2 → ϱ, to approach asymptotically the horizontal line given by the value of in the lossless limit obtained in the preceding subsection. In Fig. 5͑a͒ for air, this asymptote T L / T 0 = 65.8 is indicated by the broken line. Thus the plane is separated into the stable and unstable domains. The upper side of the curve corresponds to the unstable oscillations having a negative imaginary part. This is simply because the horizontal axis with = 0 belongs to the stable domain. In fact, solving ͑49͒ numerically to seek a complex solution in the case of helium, we show in Fig. 6 the graph of the imaginary part i ͑ = r + i i ͒ versus the relative tube radius R / ͑ 0 / r ͒ 1/2 with the temperature ratio T L / T 0 fixed at 9, 16, 25, 36, 49, and 81, and r = r L / a 0 . Figure 5͑b͒ should be compared with the one obtained by Rott 13 and confirmed by Yazaki et al. 19 for helium. The marginal curve looks similar to Rott's results qualitatively in spite of the fact that the temperature distribution is different. It is emphasized that the present marginal curves are derived from the first-order theory in b alone. But, of course, there are quantitative differences. For example, the minimum temperature is slightly greater in the present case. While the right branch tends to lie horizontally, which is not seen in Rott's curves, the slope of the left branch is steeper.
As the temperature ratio approaches the minimum in Fig. 5 , the boundary layer becomes so thick that the firstorder theory in the thickness tends to be worse. Similarly, the boundary layer in the left branch is also thick. But as the ratio becomes greater than the minimum, the right branch is expected to predict the frequency well.
Finally, we discuss the effect of the aspect ratio R / L due to the boundary layer at the end. While the ratio R / L has been fixed at 0.005, Fig. 7 shows the marginal curves for helium in thicker tubes with R / L = 0.05 and 0.1, which are shown by the broken and dotted curves, respectively. The effects of the boundary layer at the end tend to raise slightly the temperature ratio for a fixed value of the tube radius, but they are small in the three cases. But as R / L increases, c in ͑53͒ decreases so that the solid and broken lines in Fig. 3 intersect at higher temperature ratio or no intersection would arise if c becomes smaller than unity, i.e., R / L satisfies the following condition:
In such a wide tube, no thermoacoustic oscillations would occur. In a special case with 2C T = C exactly, the present theory predicts no oscillations in any tube.
V. SPATIAL MODES OF THE OSCILLATIONS
We next examine the spatial modes of the oscillations. At a frequency on the right branch much higher than the minimum temperature ratio, the magnitude of b is so small that the spatial modes may be dominated by the lowest-order solution F ͑0͒ . At first, we consider the complex amplitude P͑x͒. For the parabolic distribution, X and Z are expressed in terms of
͑62͒
The lowest solution ͑42͒ yields P through F ͑0͒ / Z as
where and B ± may be approximated, respectively, within the lowest order, as ͑L / ͒log and ±B ͓see Eq. ͑C5͒ in Appendix C in EPAPS 24 ͔, and b in the denominator may be ignored. Introducing through
P is expressed as 
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where P͑=2iB͒ is a complex constant. For Ͻ/2, is purely imaginary, i.e., = i ͑ Ͼ 0͒, so that sin = i sinh͉͉ and cos = cosh͉ ͉. On the other hand, the axial velocity is obtained by setting uЈ to be Re͕U͑x͒exp͑it͖͒ and inserting ͑65͒ into ͑5͒. The lowest expression is given as
Since 0 a 0 is a typical acoustic impedance, P / 0 a 0 gives a typical axial velocity. Within the lowest order, U is ahead in phase of P by /2. The other quantities are also obtained by setting the respective complex amplitudes as follows:
where the right-hand side is understood for the real part to be taken as in the case with pЈ and uЈ. The entropy is calculated from ͑6͒ as
and then ⌽ and ⌰ are derived from ͑10͒ as
Using these relations, the spatial modes are shown graphically for helium. For air as well, the results are quantitatively similar. In Fig. 8 , the solid curves show the spatial profiles of P in ͑65͒ and U in ͑66͒ at the temperature ratio ͑1+͒ 2 = 64.0 and the dimensionless angular frequency = 3.24 for 0 = 0.0446. 23 Because Ͻ/ 2 and is purely imaginary, P and U are shown except for the factors iP and −P / 0 a 0 , respectively. For the sake of comparison, the sinusoidal profiles in a case without the temperature gradient ͑ =0͒ are drawn by the broken curves with each maximum values coincided. At the closed end, U should vanish to the lowest approximation in b. But it is due to neglect of the first-order terms of b in ͑63͒ that the lowest U does not vanish at the closed end.
Similarly, Fig. 9 shows the profiles of ⌽ / e , ⌰ / T e , and ⌿ / c p except for the factor iP / 0 a 0 2 . It is revealed that the variations of these quantities tend to diminish monotonically toward the closed end. In the vicinity of the open end, the boundary condition suppresses variation of the pressure so that there holds the isobaric relation ⌽ / e + ⌰ / T e Ϸ 0. The variation of the entropy is found to be dominant over that of the pressure almost everywhere. In the vicinity of the closed end, however, the axial velocity is forced to vanish so that the entropy is not convected and the adiabatic relations hold there. Thus it is found that all activities occur only in the vicinity of the open end where T e −1 dT e /dx is large. The effect of b is small in the acoustic main flow. But it is v b that gives rise to thermoacoustic oscillations. While v b in ͑7͒ is expressed in terms of uЈ only, this may be expressed in the mixed form of pЈ and uЈ as
by the lowest relation of ͑11͒. Setting v b =Re͕V b ͑x͒ ϫexp͑it͖͒ and using ͑65͒ and ͑66͒, V b is given by 
The spatial profile of Q is also shown in Fig. 10 except for the factor −c p 0 T 0 ͑P / 0 a 0 ͒Rb / L.
VI. DISCUSSIONS
We consider the marginal state from a viewpoint of energy balance. Multiplying ͑11͒ and ͑5͒ with pЈ and uЈ, respectively, to add them, the equation for the acoustic energy in the main flow is derived as follows:
where the terms in the first parentheses represent the sum of the kinetic energy density e uЈ 2 / 2 and the potential energy density pЈ 2 /2 e a e 2 , and pЈuЈ represents the acoustic energy flux density ͑intensity͒, while the right-hand side represents the energy source density into the acoustic main flow through the boundary layer. Averaging ͑74͒ over one period of oscillations, it follows that
where quantities with the overbar imply mean values. The total power input into the acoustic main flow is obtained by integrating ͑75͒ along the tube from x =0 to L. Then the following relation should hold:
where u =−u b at x = L and pЈ vanishes at x = 0. When ͑76͒ is multiplied by the cross-sectional area of the tube, the first term represents the power input by the boundary layer at the end, while the second term represents the total power input by that on the side wall since the factor 2 / R yields the perimeter of the tube. The mean values of pЈu b and pЈv b are given, respectively, by
where u b =Re͕U b exp͑it͖͒ and the asterisk denotes the complex conjugate. Using ͑65͒ and ͑21͒, P * U b is given as follows:
with L = ͑ / ͒log͑1+͒. Its real part is obviously negative, since ib ϰ 1+i, and the boundary layer at the end plays a passive role to absorb energy. On the other hand, using ͑65͒ and ͑71͒, P * V b is evaluated to be
where ͑5͒ has been used to express U in terms of dP /dx. The profile of P * V b is shown in Fig. 10 by the broken curve except for the factor i͉͑P͉ 2 / 0 a 0 ͒Rb / L. Thus it is found which part of the boundary layer is active or passive. The integral of P * V b over the tube length is performed. Details are given in Appendix E in EPAPS. 24 With P * U b and the integral of P * V b thus evaluated, ͑76͒ with ͑77͒ is reduced, before taking half of the real parts, to the following relation: , where becomes imaginary i, so sin and cos have been replaced by i sinh͉͉ and cosh͉͉, respectively, and the broken curve represents the spatial profile of P * V b except for the factor i͉͑P͉ 2 / 0 a 0 ͒Rb / L, P * being the complex conjugate to P.
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͑80͒
In light of the relations ͑52͒ and ͑55͒, the right-hand side of ͑80͒ vanishes exactly for the values of and in the lossless limit, namely at the intersection indicated by the dot in Figs.  3 and 4 , or when vanishes, namely at the intersection between the marginal curve and the dotted one in Fig. 4 . For other points on the marginal curve, it may appear at first that the right-hand side of ͑80͒ contains error of the first order in b, even if the marginal curve is close to the neutral curve. But the error turns out to be of b 2 . While the marginal curve is the numerical solution to ͑49͒ as it is, imagine that ͑49͒ is expanded in b infinitely. The first two expressions in b agree with ͑50͒, whereas the numerical solutions correspond to the solution to ͑49͒ fully expanded. Separating its real and imaginary parts, ͑51͒ and ͑54͒ will include errors of b 2 , while ͑53͒ and ͑55͒ will include that of b. Thus the term in the parentheses in ͑80͒ is accompanied by the error of b, and ͑80͒ and therefore ͑76͒ hold with neglect of b 2 not of b. This is consistent with the present first-order theory in b.
From the above considerations, no net energy is found to flow into the tube at the marginal state. This may be obvious because the marginal state is regarded as such a state that oscillations of infinitesimally small amplitude would occur without any decay or growth. If some net flow existed, the state would no longer be marginal.
VII. CONCLUSIONS
This paper has demonstrated the analytical derivation of the marginal condition for the onset of thermoacoustic oscillations in the quarter-wavelength tube in the framework of the first-order theory in the boundary-layer thickness. By assuming that the temperature on the tube wall increases parabolically from the open end toward the closed one, the idea of renormalization has enabled us to obtain the condition. Use of the straightforward asymptotic expansion yields only the condition in the limit of an infinitely thin boundary layer, and fails to derive the marginal condition for a thin but finite thickness.
This condition suggests the thermoacoustic oscillations not only in helium but also in air provided a suitable temperature ratio could be maintained. Since the smooth temperature gradient prevails over the whole tube, it makes the thermoacoustic effects due to the boundary layer active enough to maintain the oscillations that would otherwise decay. In fact, it is found from the spatial profiles of the physical variables that the boundary layer on the side wall occupying almost half of the tube on the open-end side plays an active role to input power into the acoustic main flow, whereas that in the other half plays a passive role to cancel it. In a forthcoming paper, we will discuss quantitatively in detail how mean energy fluxes flow through the gas and tube wall over one period of oscillations to maintain the marginal state.
The marginal curve indicates that a minimum exists in the temperature ratio at both ends and two branches appear for the ratio below the value in the lossless limit, one being the right branch close to the neutral oscillations in the lossless case and the other the left branch where the viscosity is dominant. The ratio and frequency in the lossless limit are determined by the material constants. For the ratio above this value, there exists only the viscosity-dominant branch extending to infinity. Although two branches are available, the accuracy of the first-order theory tends to deteriorate as the ratio starts from the limiting one on the right branch to move along the curve. But as long as the marginal curve is close to that of the neutral oscillations, the accuracy will be guaranteed well even in the first-order theory. Comparing the present results with the existing and unique analytical results by Rott 13 and Yazaki et al. 19 for the step distribution, the marginal curve appears to be qualitatively similar, though quantitatively different. For example, the value of the minimum ratio is slightly higher than Rott's result. For other types of smooth distribution as well, it is conjectured that marginal curves would resemble each other qualitatively as far as the temperature increases monotonically from the open end toward the closed one.
In concluding this paper, we remark on the marginal conditions. When thermoacoustic oscillations occur in experiments, the amplitude is not infinitesimal. This implies that the temperature ratio is slightly higher than the one determined by the condition. Although the exponential growth should then be expected in the linear theory, some nonlinear mechanisms would come into play to suppress the growth and balance the amplitude at a finite magnitude. Then some energy should flow into the tube from the wall, but this is balanced with output from the tube in some form. From the existing theory of weakly nonlinear stability, it is anticipated that a type of Landau equation of cubic nonlinearity would be derived for the amplitude of oscillations ͑see Ref. 12͒. In reality, however, when the gas flows through the open end of the tube, a quadratic jet loss would contribute mainly to the nonlinear mechanisms. In addition, damping due to radiation of sound into free space would come into play. Because the radiation damping results from linear mechanisms, it would raise slightly the temperature ratio predicted by the marginal condition. Since the parabolic temperature distribution has no difficulty unlike the step, a weakly nonlinear theory will be developed to predict a finite amplitude of oscillations without any hurdles except for mathematical machinery.
